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Abstract. We give multidimensional generalizations of several transforma- 
tion formulae for basic hypergeometric series of a specific type. Most of the 
upper parameters of the series differ multiplicatively from corresponding lower 
parameters by a nonnegative integer power of the base q. In one dimension, 
formulae for such series have been found, in the q ^ 1 case, by B. M. Minton 
and P. W. Karlsson, and in the basic case by G. Gasper, by W. C. Chu, and 
more recently by the author. Our identities involve multilateral basic hyper- 
geometric series associated to the root system Ar (or equivalently, the unitary 
group U{r + 1)). 



1. Introduction 

The theory of hypergeometric and basic hypergeometric (or g-hypergeometric) 
series (cf. L. J. Slater |Q, and G. Gasper and M. Rahman jl3|) contains numerous 
summation and transformation formulae. Many of these appear in applications 
including number theory, combinatorics, physics, representation theory, and com- 
puter algebra (see e.g. G. E. Andrews 0]). 

One particular example is B. M. Minton's summation formula, found in 
1970, which is useful for simplifying sums that arise in certain problems in theo- 
retical physics (such as Racah coefficients). B. M. Minton's formula is of special 
interest since it sums a specific hypergeometric series with an abitrary number of 
parameters. B. M. Minton derived his formula by expanding a hypergeometric se- 
ries in terms of other hypergeometric series, exploiting an identity already obtained 
by C. Fox 1^ in 1925. B. M. Minton iterated this expansion and suitably special- 
ized the parameters to successively evaluate the (inner) sums. A condition on the 
parameters of the specific hypergeometric series considered by B. M. Minton is that 
most of the upper parameters differ from corresponding lower ones by a nonnega- 
tive integer. B. M. Minton's result was slightly extended by P. W. Karlsson 
who was using the same method. 

In the early 1980's, G. Gasper found q-analogues of Karlsson and Minton's 
results. In the basic case, the condition on the parameters is that most of the upper 
parameters differ multiplicatively from corresponding lower ones by a nonnegative 
integer power of q. G. Gasper even extended his results to a transformation for- 
mula [0 Eq. (19)]. For the above material, see the exposition in G. Gasper and 
M. Rahman [Q, in particular Section 1.9, and Exercises 1.30 and 1.34. 
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Note that G. Gasper and M. Rahman use the terminology "Karlsson- 
Minton" and "g-Karlsson-Minton" , respectively, to denote the type of the series 
in question. We are dropping this terminology in the present paper, since the work 
is based on expanding a hypergeometric function in terms of another, which has a 
longer history. Instead, we introduce the acronyms IPD and g-IPD, respectively, 
where IPD stands for "Integral Parameter Differences" (motivated by the title of 
P. W. Karlsson's article), see Section ^j. It should be mentioned that expan- 
sions of hypergeometric series in terms of other hypergeometric series have also 
been obtained by J. L. Fields and J. Wimp by A. Verma and in more 
generality (concerning identities between general sequences), by J. L. Fields and 
M. E. H. Ismail [Q. Thus, as pointed out to us by Mourad Ismail one can eas- 
ily write generalizations of the Karlsson-Minton formulae to series involving partly 
hypergeometric coefficients and partly general sequences. 

By using an essentially different method, namely by partial fraction expansions, 
W. C. Chu 1^ generalized G. Gasper's g-IPD type identities further to a bilateral 
series transformation. In another article, G. Gasper jl^, Eq. (5.13)] found a new 
summation for a very-well-poised basic hypergeometric series of g-IPD type. Again, 
W. C. Chu 1^ extended G. Gasper's result to a summation for a very-well-poised 
bilateral basic hypergeometric series. 

Very recently, the author Sec. 8] found even more general identities of g-IPD 
type, by elementary manipulations of series, using L. J. Slater's general trans- 
formations for bilateral basic hypergeometric series. Already earlier J. Haglund 
pp. 415-416] had discovered that W. C. Chu's bilateral transformation formula 
can be obtained by specializing L. J. Slater's [ p2[ general transformation for t'4't 
series. 

In this article, we provide multidimensional extensions of several specific trans- 
formation formulae of g-IPD type, in particular, multivariate extensions of the 
identities in Propositions 2.1, 2.3 and 2.4. These multivariate extensions in- 
volve multiple basic hypergeometric series associated to the root system Ar-i (or 
equivalently, the unitary group U{r)). Such type of series are considered in the 
work of R. A. Gustafson, S. C. Milne, and several other authors, see e.g. Q|, 
(l|, @, [|0|, |2l|, [||, H, 0, [||, 0, [g, and ^. 

As a matter of fact, there are unfortunately no suitable multidimensional exten- 
sions of L. J. Slater's |Q general transformation formulae known (yet). Thus, 
in higher dimensions we cannot specialize down from such higher level identi- 
ties. Instead we proceed from lower level identities to systematically derive the 
upper level ones. In this fashion, using certain A^-i summation theorems (from 
R. A. Gustafson ||l^ and S. C. Milne [Q), elementary manipulation of series, 
and induction, we prove two multilateral transformations of q-IPD type, namely 
Theorems 4.2 and 4.6, The first one of these. Theorem 4.2, involves very-well- 
poised multilateral series (over A^-i), and contains r-dimcnsional generalizations 
of W. C. Chu's §, Theorem 2] and G. Gasper's Eq. (5.13)] summations as 
special cases, see Co rolla ries 4.3 and 4.4, respectively. The other transformation 
formula in Theorem 4.6, involves multilateral series with an arbitrary argument 
z. Four other multilateral transformations of q-IPD type are derived by simpler 
means, using tools developed in [g, see Theorems 4.7, 4.S, 4.9, and 4.1C. 

In |29| Theorem 6.4], we already gave some multiple series generalizations (asso- 
ciated to the root systems of classical type) of W. C. Chu's ||^ bilateral transforma- 
tion. The multiple series identities in were derived by using one-dimensional 
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identities, combined with certain determinant evaluations. In the same manner, one 
could also deduce multilateral generalizations of L. J. Slater's general transfor- 
mation formulae, and in particular of the g-IPD type transformations which were 
found in Sec. 8]. The identities one would obtain by this determinant method 
would be not as deep as the ones derived in this article, though. 

Our article is organized as follows. In Section ^ we introduce some standard 
notation for q-series and basic hypergeometric series, and state several important 
one-dimensional results. In Section^, we consider multiple series and recollect some 
specific ingredients which we need in Section |^ to state and prove our multilateral 
identities of q-lPD type. 

2. Notation and one-dimensional results 

In order to state and prove our theorems, we employ some standard q-series 
notation (cf. G. Gasper and M. Rahman jl^). For a complex number q with 
< |(7| < 1, define the q-shifted factorial by 

oo 

(a;g)oo ]^(1 - aq^), 

and 

(2.1) {a]q)k ■= -r-ir^^—i where k is an integer. 

Further, for brevity, we also employ the notation 

(ai, . . . , a™; q)k = {ai;q)k ■ ■ ■ {a.m;q)k, 
where k is an integer or infinity. Further, we utilize the notations 



(2.2) t(bt-i 

and 
(2.3) 



ai, 02, . . . , at 
61,62, . . . ,6t_i 



q,z 



00 

^ (g,6i,...,6t_i;(j) 



{ai,a2, ■ ■ ■ ,at;q)k ^ 
z 1 



oi, 02, . . . , at 



61,62, ... ,6 



°° (ai,a2, . . . ,at;g)fe ^ 



y 



z 



for 6asic hypergeometric t4>t-i series, and bilateral basic hypergeometric t'lpt series, 
respectively. Note that G. Gasper and M. Rahman [|3) have more general defini- 
tions for rC^s series and for j-ips series, but in this article we are only really concerned 
with the case where s = r — 1 for the series, and where r = s for the ^V's series. 

Clearly, a bilateral ttpt series becomes a unilateral t4>t-i series if one of the lower 
parameters, say 6t, is q (or more generally, q^ where j is a positive integer). This is 
because {q; q)~^^ = 0, for k = —1, —2, . . . , by definition (2J). In this case, the tV't 
series terminates naturally from below. On the other hand, if in a t4't-i series one 
of the upper parameters, say Ot, equals (?"", where n is a nonnegative integer, then 
the t'Pt-i series terminates naturally from above. This is because ((?""; q)k = 0, for 



k = n + + 2, . . . , by definition (2.1). Such a t(t>t~i series terminates after n + 1 
terms. 

The ratio test gives simple criteria of when the above series converge, if they do 



not terminate. Remember that we assume < jgl < 1. The t4>t-i series in (2.2) 
converges absolutely in the radius \z\ < 1, while the t^t series in ( |2.3| ) converges 
absolutely in the annulus |6i . . . 6t/ai ... at | < \z\ < 1. 
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The classical theory of basic hypergeometric series consists of several summa- 
tion and transformation formulae involving t4't-i series. The classical summation 
theorems for terminating 302, 6<^5: and g^y series require that the parameters sat- 
isfy the additional condition of being either balanced and/or very- well-poised. A 
t0t_i basic hypergeometric series is called balanced if 61 • • • ht-i = ai • • • atq and 
z = q. An t(t>t-i series is well-poised if aiq = 0261 = ■ ■ ■ — atbt-i- It is called 
very-well-poised if it is well-poised and if a2 — q^/oi and 03 = —q^/oi. Note that 
the factor 



{q^/al,~q^;q)k _ I - aiq 



2k 



(2.4) 



(^oT, -^oT; g)fe 1 - ai 

appears in a very-well-poised series. The parameter ai is usually referred to as 
the special parameter of such a series, and we call (2.4) the very-well-poised term 
of the series. Similarly, a bilateral tipt basic hypergeometric series is well-poised if 
aibi — a2b2 • • • = atbt and very-well-poised if, in addition, ai — —02 — qbi — —(762- 

In our proofs in Section |4[ we often make use of some elementary identities 
involving g-shifted factorials, listed in G. Gasper and M. Rahman Appendix I]. 

With the above notations for basic hypergeometric and bilateral basic hyperge- 
ometric series, we are ready to state some important (one-dimensional) summation 
formulae. 

One of the most fundamental summation theorems in the theory of (bilateral) 
basic hypergeometric series is W. N. Bailey's H very-well-poised eV'e summation. 



(2.5) e'/^e 



qy/a,-qy/a,b,c,d,e 
-\fa^ aq/b, aq/c, aq/d, aq/e ' 



2 

a q 
bcde 



{aq, aq/bc, aq/bd, aq/be, aq/cd, aq/ce, aq/de, q, q/a; q)c 



{aq/b, aq/c, aq/d, aq/e, q/b, q/c, q/d, q/e, a\/bcde; q)oo ' 
provided the series either terminates, or |q| < 1 and \a'^q/bcde\ < 1, for convergence. 



For a simple proof of (2.5) using elementary manipulations of series, see 



Another important summation is the terminating balanced q-Pfaff-Saalschiitz 
summation (cf. 0, Eq. (11.12)]), 



(2.6) 



3(P2 



a,b,q- 



;q,q 



{c/a,c/b;q)r 



(c, c/ab;q)n 



(2.7) 



c, abq^-'^/c' 

S. Ramanujan's iipi summation (cf. [|13|, Eq. (5.2.1)]) reads as follows, 

{q,b/a,az,q/az;q)ac, 



1^1 



.iq,z 



{b,q/a,z,b/az;q)oo ' 

provided the series either terminates, or \q\ < 1 and \b/a\ < \z\ < 1, for convergence. 
Finally, the terminating g-binomial theorem is (cf. |13| , Eq. (II. 4)]) 



(2.8) 



WO 



\q,z 



{zq-'''\q)r 



Note that ( |2.8D is just the special case a ^ q >gof ( ^.7[ ). 

In this article, we prove multidimensional extensions (associated to the root 



system Ar-i) of four transformations of g-IPD type, namely Propositions 2.1, 2.2 
2.3, and 



4[ We need to explain our terminology first. 
We say that a basic hypergeometric series is of q-IPD type if there are s upper pa- 
rameters ai, . . . ,as and s lower parameters &i, . . . , 6s such that each Ui differs from 
bi multiplicatively by a nonnegative integer power of q, i.e. Oi — biq™^ , rm > 0. 
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G. Gasper pO| found some summation formulae for particular basic hypergeomet- 
ric series of such type. These were q-analogues of formulae originally discovered by 
B. M. Minton ||2^ and P. W. Karlsson using C. Fox' |^ expansion of a hyper- 
geometric function in terms of other hypergeometric functions. We call the series 
considered by B. M. Minton and P. W. Karlsson to be of IPD type, where IPD stands 
for "Integral Parameter Differences" , motivated by the title of P. W. Karlsson's 
article. G. Gasper Eq. (19)] also extended his summations to a transformation 
formula. Later, W. C. Chu Q found bilateral summations and transformations of 
q-IPD type, generahzing G. Gasper's identities of In an expository paper, 

G. Gasper Eq. (5.13)] derived a summation formula for a specific very-well- 
poised basic hypergeometric series of q-IPD type. His result was then generalized 
to a summation for bilateral series, again by W. C. Chu Theorem 2]. (It is 
maybe interesting that as apphcation W. C. Chu |||, Eq. (5.25)] applied an inverse 
relation to his bilateral summation and (re-) derived an important bibasic identity, 
actually due to G. Gasper and M. Rahman ]|l^, Eq. (2.8)]. This shows how strongly 
seemingly different aspects in g-series are interconnected.) 

In a recent article Sec. 8], the author found formulae of q-lPD type covering 
all of the above q-lPD type identities as special cases. In the following, we list the 
four transformation formulae from Sec. 8] which we extend to higher dimen- 
sions. The first one of these involves very-well-poised bilateral basic hypergeometric 
series. 



Proposition 2.1 (A bilateral very-well-poised g-IPD type transformation). Let a, 

h, c, d, e, f , and hi, . . . ,hs be indeterminate, let mi, . . . , n ig be nonnegative inte- 
gers, let \m\ — X]i=i '^ij ^'^'^ suppose that the series in (2_^) are well-defined. Then 



(2.9) 



q^/a, -qy/a, b, c, d, e, 
/77 _ /77 "9 "-I °-i °9 



hi, ... , hs, ■ 



c ' d 
„i+mi 



aq 



a2qi-\m\ 



bcde 



v"' g' fe ' c ' d ' e ' bf^ cf^ df^ ef^^l'^ 



n 



'fq 

-hi ' fhj ' 'i''^ 



(qqqqaqaqaqaq pq aq. \ 11 f M -2- • qt) 

U'c'd'e' h' c' d' e' a '/Siy^oo j^i \ hi ' hi^'^'' 



X 6+2s'06+2s 



fhl 

a 

fq 

hi ' 



iL -iL K £l dl el 

^/g ' ^/g ' a ' g ' g ' g ' 

/ L fq fq. fq fq. 

yg' yg' fc ' c ' d ' e ' 



fhs fq^ 



fq' 



fq fhtq-^^ 
h. ' a 



' hs 
fhsq- 



2 l-\m\ 



a q 



bcde 



where the series either terminate, or \a^q^ ''"'/fecde] < 1, for convergence. 
Note that / does not appear on the left side of (p!9). 

The special case f i-^ b, c a/b oi Proposition 2.1 is exactly W. C. Chu's 
summation in ^, Theorem 2]. If we specialize this summation then further by 
setting e I— *■ a we arrive at G. Gasper's | pT| , Eq. (5.13)] summation. 

The following transformation formula involves bilateral basic hypergeometric 
series with an independent argument z. 
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Proposition 2.2 (A bilateral g-IPD type transformation). Let a, b, c, z, and hi, . . 

be indeterminate, let rrii, . . . ,ms be nonnegative integers, let \m\ — X^i^i"^*; '^'^'^ 
suppose that the series in (2.10) are well-defined. Then 



(2.10) 



l + s 



b,hi, . 



, h^ 



{c/a,bq/c, az,q/az;q)c 



{q/a,b, azq/c, c/az;q)c 

X i+sV'l + s 



n 



{h.,q/c; q)^. 



q,z 



{hi;q)m, 

'aq/c,hiq'+'''^/c,...,hsq'+"'^/c 
bq/c,hiq/c, . . . ,hsq/c 

where the series either terminate, or |6g~l™l/a| < \z\ < \, for convergence. 

Note that c does not appear on the left side of ( 2.10| ). 

The next two transformations involve series whose argument depends on the 
parameters. 

Proposition 2.3 (A bilateral g-IPD type transformation). Let a, b, c, d, e, and 

hi, . . . ,hs be indeterminate, let N be an arbitrary integer, mi, . . . , TOj be nonneg- 
ative integers, let \m\ = "^j; '^^'^ suppose that the series in (2.11) are well- 
defined. Then 



(2.11) 



a,b,hiq"'\ . . . ,hsq 
c,d,hi, . . . ,hs 

N 



eq 



-N 



ab 



{e/a,e/b,cq/e,dq/e;q)oo -q {Kq/e;q)mi 



{q/a,q/b,c,d; q)^ 



{ht;q)mi 



9, ■ 



eq 



-N-\ 



i=l 

cq/e,dq/e,hiq/e, . . . ,hsq/e ' ab 
where the series either terminate, or \e/ab\ < \q^\ < \eq^"^^/cd\, for convergence. 



If we reverse the 2+si^2+s series on the right side of ( 2.11 ), we obtain 

Proposition 2.4 (A bilateral g-IPD type transformation). Let a, b, c, d, e, and 

hi, . . . ,hs be indeterminate, let N be an arbitrary integer, mi, . . . ,ms be nonneg- 
ative integers, let \m\ — "^j^ '^"'^ suppose that the series in (2.12) are well- 
defined. Then 



(2.12) 



2+s 



V'2+s 



a,b, . . .,hsq 

c,d,hi, . . . ,hs 

N 



eq 



-N 



ab 



{e/a,e/b,cq/e,dq/e;q)oc t-t {Kq/e;q) 



X 2+s1p2+s 



{q/a,q/b,c,d; q)oo 

e/c, e/d, e/hi, . 
e/a,e/b, eq-"^^/hi, . 



n 



{hi;q)mi 



,e/hs 



where the series either terminate, or \e/ab\ < jg^j < |e(7l™l/cc?|, for convergence. 

The e = aq case of Proposition 2.4 reduces to W. C. Chu's [|[ Eq. (15)] trans- 
formation. If we specialize the resulting transformation further by setting c = q we 
obtain G. Gasper's ||l^, Eq. (19)] transformation. 



,hs 
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Propositions 2.1, 2.2, 2.3, and 2.4 appeared as Corollaries 8.6, 8.3, 8.2 and Equa- 
tion (8.8) in |3l[|. They were originally derived as special cases from even more 
general transformations for bilateral basic hypergeometric series of g-IPD type. 

3. Preliminaries on multiple series 
In general, we consider multiple series of the form 

oo 

(3.1) J2 ^W' 

ki — — C30 

where k = (fci, . . . , fc^.), which reduce to classical (bilateral) basic hypergeometric 
series when r — 1. We call such a multiple basic hypergeometric series balanced if 
it reduces to a balanced series when r = 1. Well-poised and very- well-poised series 
are defined analogously]^. In case these series do not terminate from below, we also 
call such series multilateral basic hypergeometric series. 
In our particular cases, we also have 

(3.2) n 

l<i<j<r ^ * ^ 

(or something similar), as a fac tor of 5(k). A typical example is the right side of 



(p.5|). Since we may associate (|3.2| ) with the product side of the Weyl denomina- 
tor formula for the root system Ar-i (see e.g. D. Stanton |0), we call our series 
Ar-i basic hypergeometric series, in accordance with I. M. Gessel and C. Kratten- 
thaler [|l|, Eq. (7.1)]. Note that often in the literature (e.g. |l, H, ||, 1^, H) 
these r-dimensional series are (inprecisely) called Ar series instead of Ar-i series. 
For convenience, we frequently use the notation |k| := fci + • • • + fc^. Note that 



on the right side of ( |3.5| ) we have (in addition to (3.2)) 

<") n 

appearing as a factor in the summand of the series. It is easy to see that the 
r = 1 case of (3^) essentially reduces to (2^). To clarify the special appear- 



ance of the very-well-poised term in the multidimensional case (and even in the 
one-dimensional) case, it is useful to view the series in one higher dimension. In 
particular, we can write 



l<i<j <Cr 



ki+-+k^ TT I z^q'^-_-z^ 



l<i<j<r+l 

where Zr+i = l/a and fc^+i — —{ki -!-••• + kr). Thus, some Ar-i basic hyperge- 
ometric series identities are sometimes better viewed as identites associated to the 
affine root system Ar (or, equivalently, the special unitary group SU{r ~\- 1)). For 



such an example, see Remark 3.2 



Let a, bi, . . . ,br, c, d, ei, . . . , e^, zi, . . . ,Zr, and w be indeterminate. For purpose 
of compact notation, we define for r > 1 



^ These definitions may seem far too general but they are practicaL 
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(3.5) 6*6 [a; ^1, • • ■ , br; c, d; ei, . . 

OQ / 

= E n 

ki,...,k.r — — oQ \ l^i<j^r 



,er;zi, ...,Zr\ q,w\ 



n 

1=1 



1 — azi 



n 



{hjZi/zj;q)ki -fj {eiZi;q)\\^\ 



n 



^ {aZiq/ejZj;q)ki fj^ {az^q/b^; q)\i^\ 

{czi;q)k^ {d;q)\k\ 



n 



^{aziq/d;q)k, (ag/c; g)|k| 



The above e^e'^^ series is an r-dimensional eV'e series (which reduces to a classical 
very-well-posied Qipe when r = 1). 

For convenience, we sometimes use capital letters to abbreviate the (r-fold) 
products of certain variables. Specifically, in this article we use A = ai---a.r, 
B = bi ■ ■ - br, C = ci ■ ■ ■ Cr, E = ei ■ ■ ■ Cr, and F = fi ■ ■ ■ fr, respectively. 



In our derivation of the multilateral g-IPD type transformation in Theorem 4.2 
we utilize t he fo llowing r-dimensional generalization of W. N. Bailey's summation 
formula in (2.5). 

Theorem 3.1 ((Gustafson) An Ar^i eipe summation). Let a, &i, . . . , br, c, d, ei, . . 

and zi, . . . , Zr be indeterminate, let r > 1, and suppose that none of the denomina- 



tors in (3.6) vanishes. Then 

a; 6i, . . . , br] c, d; ei, . . . , e^; Zi, 

{aq/ Be, o'q/dE, aq/cd; q)oo 



(3.6) 



r+l 

a ^ q 



{a''+^q/BcdE,aq/c,q/d;q)oo .^.^-^ {qZi/b^Zj,az^q/ejZj;q) 



n 



''''r'BcdE\ 
[aZiq/b^ejZj , qz^/zj ; q)^ 



n 



{aq/ceiZi,aZiq/bid, azjq, q/azf, q)c 
(az^q/b^, q/e^Zi, q/czi, az^q/d; g)o< 



provided \a'^^^q/ BcdE\ < 1. 



Remark 3.2. Using (3.4), the multilateral identity in (|3.6D can also be written in a 



more compact form. We then have R. A. Gustafson's Theorem 1.15] Ar eV'e 
summation: Let ai, . . . , a^+i, 5i, . . . , br+i, and zi, . . . , Zr +i be indeterminate, let 
r > 1, and suppose that none of the denominators in (3/7) vanishes. Then 



(3.7) 



E 



n 



-oo</ci ,. . . <C30 l<2<j<r+l 

fei+---+fc,.+ i=0 



Ziq^^ - Zjq^'\ {ajZi/zj-,q)k^ 



{bi...br+iq '',q/ai . . .ar+i;q)oo 



n 

r+l 

n 



{bjZi/zj;q)k, 
{qZi/zj,bjZi/aiZj;q)c 



{q,bi . . .br+iq '■/ai . . . a,.+i; (?)oo {bjZi/ Zj, Ziq/ a^zf^q) 



provided \bi . . .br+iq / ai . . . ar+i\ < 1. It is not difficult to see that (3.7) and 
( p.6| ) are equivalent. 

We also need the following r-dimensional generalization of the terminating q- 
Pfaff-Saalschiitz summation from S. C. Milne 123, Theorem 4.151. 
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Theorem 3.3 ((Milne) An terminating 3(/)2 summation). Letai, . . . ,ar, b, c, 

and xi, . . . , Xr, be indeterminate, let N be a nonnegative integer, let r > I, and sup- 
pose that none of the denominators in (3.8) vanishes. Then 



(3.8) 



E 



fei,...,/Cr>0 \ l<i<j<r 
0<|k|<Af 



n 

-Q {bx^■,q)k 



n 



{ajXi/xj;q)ki 
^ {qxt/xj;q)k. 



iq ,q)\k\ 



\icxz;q)ki iai...arbq^ ^/c;g)|k| 

{c/b; q)N 



{c/ai . . .arb;q)N -^J: {cxi;q) 



n 



[cxi/ai] q)N 



N 



The r — 1 case of ( |3.8| ) clearly reduces to (^.61). 



In our derivation of the multilateral q-IPD type transformation in Theorem i.t 
we utilize R. A. Gus tafson's [p^ Theorem 1.17] Ar-i extension of S. Ramanujan's 
iipi summation ( ^.7[ ). 

Theorem 3.4 ((Gustafson) An A^-i iipi summation). Let ai, . . . , a^, bi, . . . , br, 

Xi, . . . , Xr, and z be indeterminate, let r > 1, and suppose that none of the denom- 
inators in (|3.9|) vanishes. Then 



(3.9) 



E n 

..,kr — — oo l<i<j<r 



Xiq^^ — Xjq^^ 



TT {O'jXil Xj;q)ki 
{Az,q/Az;q)oo {b^Xi/ aiXj,qXi/xf,q)c 



iz,Bq^-/Az;q)o 



where \Bq^-''/A\ < |z| < 1. 

Further, we make use of the following terminating g-binomial theorem from 
S. C. Milne |2^, Theorem 5.46], which is a multiple extension of (2. 



Theorem 3.5 ((Milne) An Ar.^i terminating q-binomial theorem). Letxi, . . . , Xr, 
and z be indeterminate, let ni, . . . ,nr be nonnegative integers, let r > 1, and sup- 
pose that none of the denominators in (3.10) vanishes. Then 



(3-10) E n 

0<fci<ni \ l<i<j<r 
i—l,...,r 



Xiq''' — Xjq'^^ 



-TT (g '''xjxj;q)k, -pr 
-'■^1 {qxi/xj]q)k 



X q 



-('^')+i:LiC;^)jk| 



n( 



zxiq 



-\n\ 



;q)r 



I n Se ction U, we als o give two m ulti ple se ries extensions each of Propositions 2.5 
iTs], i^l , and 4.10 . These Ar-i extensions are not as deep 
or n.a. In our derivations, we make use of Lemmas 4.3 



and 2.4, see Theorems 4.7 



4.2 



as those in Theorems 
and 4.9 from |23], displayed as follows: 



Lemma 3.6. Letbi, 



, br and xi, . . . ,Xr be indeterminate, let r > 1, and suppose 



that none of the denominators in (3.11) vanishes. Then, if f{n) is an arbitrary 
function of integers n, we have 
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(3.11) E 



/(") 



{q;q)c 



n— — oo 
oo 



n 



(bjXi I Xj , q)oo 



E n 

..,kr——oo \ l<2<j<r 



provided the series converge. 



Xiq ' — XjQ ' 



ijj ^ X '1 



i.j — l i—1 



rki-\]i\ 



X ./(|k|; 



Lemma 3.7. Let ai, . . . , a^, bi, . . . ,br, and xi, . . . ,Xr be indeterminate, let r > 1, 
and suppose that none of the denominators in (3.12) vanishes. Then, if g{n) is an 
arbitrary function of integers n, we have 



(3.12) J2 



{A; q)n 



■ 9{n) 



n— — oo 



_ (q,Bq^-^/A-q\ 
{Bq^-,q/A-q\ 

OO 

< E n 



n 



{hjXi/xj,Xiq/aiXj;q)c 



Xiq'' 



n 



{ajXi/xj;q)ki 
{bjX^/xj;q)ki 



ff(|k|), 



provided the series converge. 



4. Multilateral identities of g-IPD type 
Here we give six new multilateral transformations of g-IPD type, extending the q- 



IPD type transformations of Propositions |2 . 1| , 2.2, 2.2, and 2.4 to higher dimensions. 
The transformation formula in Theorem 4.2, which generalizes Proposition 2.1, in- 
volves multiple series very- well-poised over the root system A^-i. A special case 



of that theorem is given as Corollary 4.3, which is a multilateral summation for- 
mula extending W. C. Chu's ||^, Theorem 2] bilateral summation to r-dimensions. 
A further specialization gives a multiple extension of G. Gasper's O, Eq. (5.13)] 



very-well-poised summation, see Corollary 4.4. In Theorem 4.6 we provide an A^-i 



extension of Proposition 2^. The interesting feature about that transformation 
is that it involves multilateral series with an independent argument z (su bject to 
convergence), similar t o th e case of S. Ramanujan's i'0i summation (2/7) and its 
extension in Theorem 3.4. We were, unfortunately, not able to give multidimen- 
sional extensions of Propositions 2.3 or 2.4 which are as deep as Theorems 4.2 and 



4.6. Instead, we derive multiple extensions of a simpler type, using Lemmas 3.6 



and 3.7. Theorems 4.7 and|4.8| are simple A^-i extensions of Proposition 2.3, while 



Theorems 4.9 and 4.1C are simple A^-i extensions of Proposition 2.4. Of course 



by the same method one could also derive simple multilateral generalizations of the 
g-IPD type transformations in Propositions 2.1 and 2.2. However, we decided to 
derive the identities of simpler type only in the cases were we were unable to find 
corresponding deeper ones. 

For our derivation of Theorem 4.2|, we need the following lemma, which is easily 

twice. 



established by applying Theorem 



3.1 
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Lemma 4.1. Let a, bi, . . . ,br, c, d, ei, . . . ,er, /i, . . . , /r, and zi, . . . , Zr he inde- 
terminate, let r>\, and suppose that none of the denominators in (4.1) vanishes. 
Then 



(4.1) 



6*6 



(r) 



a; 6i, . . . , hr] c, d; ei, . . . , e^; zi, . 



BcdE 



{Fq/d,aq/cF:q)^ ^ {qzJzj,aZiq/ejfiZj, fjZiq/biZj;q)c 



{aq/c,q/d; q)c 



n 



{qfjZ^/ fiZj,qzJb^Zj,az^q/ejZf,q)c 



n 



{azjq, q/azj, Fq/gzi, aZiq/bjF, azjq/dfj, fiq/czj; q)oc 
{Ffiq/azi, aZiq/Ffi, aziq/bi, q/eiZi, q/cz^, aziq/d; q)c 



X fi* 



(r) 



6^6 



-F.ei/i erfr . d cF biF KF ^ U 

J 7 • ■ ■ 7 7 1 1 /» 1 ■ ■ • ; p ■} 1 ■ ■ • ) 

a a a a a aji ajr zi Zr 



provided \a^^ q/ BcdE\ < 1. 



Now, for compact notation, let us extend definition ( [3.5| ) by introducing addi- 
tional indeterminates gi, . . . , gs and hi, . . . , kg: 



(4.2) 



6+2s*6+2 



(r) 



[a; 6i 



31, 



E n 



,hs\q, w\ 



n 



n 



{bjZi/zj;q)k^ 



n 



i=l 

{eiZi;q)\w\ 



1 — azi 



{aZiq/ejZj;q)k, fj^ {az^q/h; q)\i^\ 
{cZi,giZi, . . . ,gsZi;q)ki 



n 



^ {aziq/d, aziq/hi, aziq/hs] q)ki 

{d,hi, . . . ,/is;'7)|k| 



{aq/c,aq/gi, . . . , aq/ g^; q)\u\ 



w 



|k| 



We have 



Theorem 4.2 (A multilateral very-well-poised Ar-i g-IPD type transformation). 
Let a, 61, ... , br, c, d, ei, . . . , e^, fi, . . . , fr, z\,. . . , z^, and hi, . . . ,hs be indetermi- 
nate, let Ni, . . . ,Ns be nonnegative int egers, let \N\ — J2i=i ^ 1; o.'^^d suppose 
that none of the denominators in (4.3) vanishes. Then 



(4.3) 



,hf , c, d, e\, . . . , er', z\, 



aq 



aq 



hi 



9, ■ 



n 



{Fq/hj;q)N. ^ {aziq/ fihj; q)^. 



{q/hf,q)N, fj^ {aZiq/hf,q)N, 
(Fq/d,aq/cF;q)oo {qZi/zj,aZiq/ejfiZj,fjZiq/biZj;q)c 



{aq/c, q/d; q)r 



n 



{qfjZ^/ fiZj,qZi/biZj,az,q/ejZj;q)^ 
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{aziq, q/azj, Fq/eiZi,aZiq/biF, aziq/dj.,, ftq/cZi, q)^ 
\ {Ffiq/azi, aZiq/Ffi, aziq/bi, q/ciZi, q/cz„ aziq/d; q)c 



(r) 



F.ei/i erU^d cF biF 6^. A 
a a a a a aji ajj. Zi Zj. 

hi h, Fq^+^^ Fq^+^' 



a 



5 ■ ■ ■ 7 ! 



a hi 



ar+iqi-\N\ 



BcdE 



provided y+'^q^-\^\ / BcdE\ < 1. 



Proof. We proceed by induction on s. For s — (4.3) is true by Lemma 4.1. So, 
suppose that the transformation is already shown for s i— > s — 1. Then, by using 
some elementary identities from |l3|. Appendix I], 



6+2s*6+2 



(r) 



Q,^ bij . . . ,57-,C,C?,ei, . . . , , ^1 , . ■ . T Zrj 



aq 



l+Ni 



aq 



hi h 

oo / 

E n 

A:i ,. . — — oo \ l<i<j<r 



-\hi, . . . ,hs 



q, ■ 



BcdE 



h- h ■ \ 1^ / -1 

ZiQ^' — ZjQ^^ \ T-r / 1 



n 



1=1 ^ 



{hjZi/zj;q)k, -fr {etZ^;q)\^ 



aziq- 



/c, + |k| 



n 



n 



,.j^i {aziq/ejzf,q)k, fj^ {az,q/bf,q)m 

{czi,aziq^+^^ /hi, . . . ,aziq^+^'-^ /hs^i;q)k, 
{az^qjd.aziqjhi, . . . ,aZiq/hs-i\q)k, 



(d, /ii,...,ft.s-i;g)|k| 



„r+Y-|iV|^|k| 



(ag/c,/iiq-^i,...,/is-i'7~^=-i;g)|k| V BcdE 

^ {hs]q)\^ -^ {az^q^+^' /hs\q)k, \ 
(/isq-^S9)|k| fj[ iaziq/hs;q)ki j 

_ {a^q/Ehs\q)N, -q {eiZiq/hs\q)N, 



{q/hs;q)N, fj^ {aZiq/hs;q)N, 



X E n 

ki ,...,kr — — oQ \ l^i<j^r 



Ziq^ — Zjq ' ^ — 



.\_az^ct^ 
\-az. 



1=1 



X 



n {bjZi/zj;q)k^ -A- {eiZ^;q)\\^\ 



n 



^ .j^i {aziq/ejzf,q)k, fj^ {az,q/b,-q)\^\ 

{czi,aziq^+^^ /hi, . . . ,aziq^+^--^ /hs^i;q)ki 
{az^qjd^aziqjhi, . . . ,aZiq/hs-i\q)k, 



{d,hi, . . . ,/i3_i;g)|k| 



{aq/c,hiq ^^,...,hs^iq ^=-i;g)|k| 



^■r+l l-(Afi+-+W,_i) \ Ik| 



BcdE 



^ (g^ ^^^/hs;q)N, -rr {aziq^+^'- /hs\q)N, 
{a'^q/Ehs;q)N, (etZiq/hs;q)N, 



MULTILATERAL TRANSFORMATIONS OF g-SERIES 



Now we expand the last factors (those involving (■;'z)wa) by applying the 

/a, b I— > gl''!, c i-^ q/hs, Xi ^ eiZi^ z = 1, . . . , r, and N ^ Ng case of the Ar 
g-Pfaff-Saalschiitz summation in Theorem p.3|. We obtain 



{a''q/Ehs;q)N^ -q {eiZiq/hs;q)Ns 



{q/hs;q)N, fJi {aZiq/hs;q)N, 

OO / 

X E n 

/ci — — OO \ l<i<j<r 



z^q"-^ - Zjq"-^ 



6j 



1 — aziq 



fc,+ik| 



X 



n {bjZi/zj;q)ki ^ (ei2i;g)|k| 



n 



, , 1 iaZiq/ejZf,q)k, ^ \ {az,q/bf, q)i^i 

{czi,aziq^+^^ /hi, . . . ,aziq^+^'-^ /hs-i;q)k, 
{aziq/d,aziq/hi, . . . ,aziq/hs-i\q)k. 



{d,hi, . . . ,/is-i;g)|k| 



{aq/c,hiq , . . . , /i^^ig ^=-i;'7)|k| 



gr + l^l-(Afi+.--+Af,_i)\ l"^! 

BcdE 



E n 

li,...,lr>0 l<i<j<r 
0<|l|<JVs 



e^z^g'* - Cj-Zj-g'^ ^ -q {ciZiq ^i/azj\q)i^ 



•-^ {qeizJejZj;q)i^ 



(ez.gl'^l;gk 



J^{etZiq/hs;q)u [Ehsq 9)|1| ' 

_ {a^q/Ehs;q)N, {eiZiq / h s] q) n , 



{q/hs;q)N, fj^ {az,q/hs; q)Ns 
\p [ -TT / e.Zjg'- - ejZjg'j' \ -A- {eiZi/aZj;q)i. 



;i,...,ir>0 \l<j<j<r ^ * ' ^ ' ij' 

0<|l|<Af^ 



n 



{ezi\q)i 



(<z-^-;<z)|i 



^^{eiZiq/hs\q)u {Eh^q ^=/a'';9)|i| 



6+2(s-l)*6+2(s-l) 



a; &i, . . . , 6^.; c, d; eiq''\ 



, Crq ] Z\, . . . , Zr] 



aq 



l+Ni 



aq 



hi 



hs-i 



, fti, . . . , hs-i 



q, ■ 



BcdE 



By the i-^ e^g'* , z = 1, . . . , r, case of the inductive hypothesis we obtain 



{a''q/Ehs;q)N, -q {eiZiq/hs;q)N, 



{q/hs;q)N, fJi iaz.iq/hs;q)N, 



E n 

h,...,lr>0 \l<i<j<r 
0<|l|<iV<, 



eiZiq^"- - ejZjq^i\ -q [eiZi/ azj]q)i. 



{qetZ^/ejZj;q)i, 



14 



MICHAEL SCHLOSSER 



n 



{ezi;q)i 



j=l L 

{Fq/d,aq/cF;q) 



[fl{eiZiq/hs;q)u {Ehsq-^" /a'^;q)\i\ 



n 



{q/hj;q)Nj f-^^ {aZiq/hj;q)N^ 
c -Q {qzi/zj,aziq^-''i /ejfiZj,fjZiq/biZj;q)c 



{aq/c,q/d;q)oo ,^,±, {qfjZi/ fiZj,qZi/biZj,aZiq^-''i /ejZj;q) 

-TT (aztg, q/azj, Fq'^''^' /gzi, aZiq/bjF, aziq/df j, fiq/czr, q)ao 
iJi i^fil/^^i' aZiq/Ffi, aziq/h, q^-^- /eiZi,q/cZi, aziq/d; q)o< 



E n 

..,fcr=— cso l<i<j<r 



f^q^'/z^- fjq^' /Zj 

hi Zi — /i/^i 



n 

i=\ 



1 - /c 
1 - Ffi/azi 



n jejfjZjq^^ /azi]q)ki -i^ (fe^F/aZj; q)|k| 



jj^ii ihzjq/bjZ^;q)k, f^^iFq'^ ^^/e^z,;q)\u\ 

^ -TT {dfi/azj, fjhi/az,, fjhs-i/aZi; q)ki 

l}{ {fiq/czi, fihiq-^^/aZi, . .. , f^hs^iq-^^-^/az^-,q)k^ 

{cF/a, Fq^+^^/h,, . . . , Fq^+^^-^ /K-i; q)i^i / a^+iqi-iN^+-+N,.,)- 



{Fq/d, Fq/hi, Fq/hs-i; q)\k\ 
{a''q/Ehs;q)N, {eiZiq/hs;q)N, yr 



BcdE 



|k|' 



{q/hs;q)N, f-Ji {aZrq/hs;q)N, ^Jj 



{Fq/hf,q)N. {aZjq/ fjhj; q)^. 
{q/hj-q)N, 11 {aZiq/hj;q)N, 



{Fq/d,aq/cF;q)oo -q {qZi/zj,aZiq/ejfiZj,fjZiq/biZj;q)c 



E 



{aq/c,q/d;q)ao {qfjZi/ fiZj,qZi/biZj,aZiq/ejZj;q)oo 

-TT (g^jg, g/g^jj, Fq/ejZj, aZiq/bjF, azjq/dfi, fig/czj; g)oo 
jLi i^fil/azi, aziq/Ffi, aziq/h, q/eiZi, q/czi, aziq/d; q)oo 

l-Ffiq^*+\^\/aZi 



n 



ftq''yzt- fjq'^'/zj 

fi/Zi — fj/Zj 



n 

i=l 



1 - Ffi/aZi 



n 



{ejfiZj/azi;q)k, ^ [hF / azj; q)\^ 
{fiZjq/bjZi;q)k, 11 (i^g/ej^;,; 9)|k| 

{dfi/azj, fihi/azj, fihs-i/azj; g)fc, 
L-^ {fiQ/czi, fihiq-^^/aZi, fihs-iq-^'-'^/aZi; q)ki 



n 



(cF/g, Fq^+^^/h,, Fq'+^^-^ /hs-i; g)|k| 



(Fg/d, Fg//ii, . . . , Fg/Zi^-i; g)|k| 



E n 

hv-,'r>0 l<i<j<r 
0<|k|<JV3 



BiZiq- 



jZjq ■ 



r+l^l-(Ari+-+Ar^_i) 
BcdE 



-TT {e,JjZ,q^i /azf,q)i. 



|k| 
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Now, we evaluate the inner multiple sum by the i-^ e-ifiq^^/cL, b q^^^^/F, 
c I— > q/hs, Xi t-^ CiZi, i — I, . . . ,r, and N i— > Ng case of the j4,._i q-PfafF-Saalschiitz 
summation in Theorem 3.3. and obtain 



n 



{Fq/hj;q)Nj A {aziq/ fihj;q)N, 
{q/hj-q)N, f}^ {az,q/hj-q)N, 

^ {Fq/d, aq/cF;q)oo {qZi/zj,aZiq/ejfiZj, fjZiq/biZj;q)c 
{aq/c,q/d;q)oo {qfjZi/ fiZj,qZi/biZj,aZiq/ejZj;q)c 

{aziq, q/azi, Fq/eiZi,aZiq/biF, aziq/dji, fiq/czi] q)^ 



n 



\ {Ffiq/azi, aziq/Ffi, aziq/bi, q/ eiZi,q/ czi, aziq/d] q)oc 

nqf^^/z, - fjq''^/z,\ -fj fl- Ff,q''^+\''\/az,, 



X E n 

ki,...,kr — — oc \ l<i<j^r 



fi/ fj/-^j 



n 



1 - Ffi/azi 



X 



n 



-rj iejfiZj/aZi;q)k, {bjF/azf, q)\k\ 
{ftZjq/bjZf,q)ki fj[ {Fq/e^z.^; q)i^i 

(dfi/azj, f^hi/azj, . . . , fihs/azi;q)ki 
ifiq/cz^, f^hiq-^i /azi, . . . , fihsq'^" / azi]q)ki 



{cF/a, Fq^+^^/hi, Fq^+^^/hs;q)i^i ( a-+^q^-\^\ 



{Fq/d,Fq/hi,...,Fq/hg;q)li,l 
which is the right side of (|4.3|). 



BcdE 



|k| 



□ 



A special case of Theorem 4.2 immediately gives the following summation for- 
mula as a corollary. It is an Ar-i extension of an identity due to W. C. Chu 
Theorem 2]. 

Corollary 4.3 (A multilateral very-well-poised Ar-i g-IPD type summation). Let 

a, bi, . . . ,br, d, ei, . . . , Cr, zi, . . . , z^, and hi, . . . ,hs be indeterminate, let Ni, . . . , 
be nonnegative integers, let \N\ = — '^^'^ suppose that none of the 

denominators in (4.4) vanishes. Then 



(4.4) 



(r) 



a; 6i, . . . , br] — , d; ei, . . . , e^; zi, 



aq 



l+Ni 



aq 



hi ' 

{Bq/d,q;q)c 



dE 



n 



{aziq, q/az^, Bq/ciZi, aziq/dbf, q)c 



[Bq,q/d;q)oo ^Ji {aZiq/bi,q/eiZi,Bq/aZi,aZiqld;q)oo 



^ -jV {qz.i/zj,aZiq/ejbiZj;q)oo -A- 
Jrj-^ {qZi/biZj,aZiq/ejZj;q)oo 



1,3 = 



(Bq/hj;q)Nj -q {az^q/b^h-j; q)Nj 



(.q/hf,q)N, fj^ {az^q/hj;q)Nj 



provided \a''q^~\^\ /dE\ < 1 



Proof. In (4.3), we let c a/B and fi bi, for i = 1, . . . ,r. In this case the 

(r) 

6+2s^6+2s series on the right side terminates from below, and from above, and 
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evalutes to one. In particular, the appearance of the factor 

r 

ij=l 

makes the terms in the series vanish unless ki > 0, i = 1, . . . ,r. Similarly, the 
appearance of the factor 

(i;9)ik| 

ensures that if |k| > 0, the terms of the series are zero. In total, only the term 
where ki = ■ ■ ■ = kr — survives, and that term is just one. □ 



A further specialization of Corollary |4.3| , namely the case — > a, j = 1, . . . , r, 
yields an r-dimensional generalization of G. Gasper's |Tl|, Eq. (5.13)] very-well- 
poised 6+2s05+2s summation. 

Corollary 4.4 (A very- well-poised A^^i g-IPD type summation). Let a, bi, . . . ,br, 
d, zi, . . . , Zr, and hi, . . . ,hs be indeterminate, let iVi, . . . , Ng be nonnegative inte- 
gers, let \N\ = X]i=i — I.' '^^'^ suppose that none of the denominators in (4.5) 
vanishes. Then 

(«) t { n (-!i^)n^'— 

fci,...,fc^=0 \l<j<i<r \ ' i / i=l 



1 — azj 



X 



X 



\ {aZi/B, aziq^+^'- /hi, az^q^+^' /hs;q)ki 



n 



{aziq/d,aziq/hi, . . .^aziq/hs] q)ki 



(d,/ii,...,/i,;q)|u| /gi-l^l 



(Bg,/ii(j-^i,...,M-^S9)|k| 



|k| 



{Bq/d,q;q)oc {aziq,aziq/bid;q)c 



{Bq,q/d;q)oo fj-^ {aziq/bi,aziq/ d;q)oc 



xn 

provided \q^^'^^'^/d\ < 1. 



{Bq/hj;q)N, -q {az^q/b^hj-, q)Nj 



{q/hf,q)N. {aZiq/hj;q)N^ 



To derive the multilateral q-IPD type transformation in Theorem 
the following lemma, which is easily established by applying Theorem 



4.e 



3.4 



we need 
twice. 



Lemma 4.5. Let oi, . . . , a^, bi, . . . ,br, ci, . . . ,Cr, xi, . . . , Xr, yi, . . . , yr, and z be 

indeterminate, let r > 1, and suppose that none of the denominators in ( |4.6D van- 
ishes. Then 

(4.6) E n { -''',.1':'^ ) n 

_ {Az,q/Az;q)^ [qXi/xj,bjXi/aiXj,Ciyi/aiyj,bjyiq/cjyj\q)^ 



n 



[Azq'/C, Cq^-" /Az; q)^^ {qyi/yj,bjCiyi/aiCjyj, qXi/aiXj,bjXi/xj;q)^ 
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X E n 

ki ^. . .,kr — — oo l<i<i<r 



Ui - Vj 



n 



{ajyiq/cjyf,q)k^ 
^ {bjyiq/cjyj;q)ki 



where \Bq^-''/A\ < |^| < 1. 
We have 

Theorem 4.6 (A multilateral Ar-i q-lPD type transformation). Letai, ... ,ar, bi 
Ci, . . . , Cr, Xi, . . . , Xr, yi, . . . , yr, /ill, ■ • • , ^rs; o,nd z be indeterminate, let Nn 
be nonnegative integers, let r > 1, and suppose that none of the denominators in 
(4.7) vanishes. Then 



,br, 



(4.7) 



E 



n 



ki,...,kr — — oo \ l^i<j^r 



X-i Xn 



n 

jj=i 



{ajXi/xj;q)k, 



{bjXi/xj;q)ki 



nn 



,=ij=i (^y";9)|k| / 
ihijq''/C;q)N,^ {Az,q/Az;q)c 



--ij=i 



[Azqr/C, Cq^-^/Az-q), 



n 



{qXi/xj,bjXi/aiXj,Ciyi/aiyj,bjyiq/cjyj;q)oo 
J iqy2/yj,bjCiyi/aiCjyj,qxi/aiXj,bjXi/xj;q)oo 



E 



n 



Vtq''^ - Vjq^' 



n 



{ajy^q/cjyj;q)k. 



" yj J i^ti (^jy^i/ ^^iVi ; 9)/=^ 



nn 



(/i,,g'^+^-/C;<z)|k| 



»=i7=i ('^y9''/C;9)|k| 



provided 



Bq^-"--^'-^^^^ /A 



< \z\ < 1. 



Proof. We proceed by induction on s. For s = (4.7) is true by Lemma 4.5. So, 
suppose that the transformation is already shown for s i-^ s — 1. Then (again using 
some elementary identities from |13l Appendix I]), 



E 



n 



XiQ^' — XjQ^^ 



r s — 1 



n 



{ajXi/xj;q)ki 
1 {bjx^/xj;q)k. 



TTTT (%g^'^;g)|k| |k| -TT (fa»sg^";g)|k| 



n 



1 



Ll(/i,,;(7)w E ( n 



Xiq^' — Xjq*'^ 



n 



2J 



{ajXi/xj;q)ki 
ti {b]X^/xJ\q)k, 



r s—1 / 1 TV- ■ \ ^ 

Now we expand the last factors (those involving (•; q)Nis) by applying the Xi <- 



, r, and z 



Ui i-> iVis, z = 1, 
Theorem 3.5. We obtain 



7|k| + (Wi, 



case of the Ar-i summation in 
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his - hjs ) -^K {qhis/hjs;q)ii 



i=l j= 

0<h<Nu l<i<j<r ~ 



i=l 



t=i ('^^ ! «)^- o<feiv.. V i<f<,<r V his - h,s J ^^^ti iqh^s/hJs ; q)i 

i=l,...,r 



i=l 

00 

fei,...,fe,=-cx>l<i<j<r ^ J ij=l(^3^'^/^3'^)k. 



By the z i-^- zg''' case of the inductive hypothesis we obtain 

y (/li.; g)jv. I /lia - /I,-, {qhis/hjs; q)u 

X n ■ g(^i^+-+^")l'l-('')+^-i C^) 
Jl {h^Jq'^|C■,q)N., (Azgl'l,gi-l'l/A^;g)oo 



X 

»=1 J 



f\^^^ ihij;q)N., {Azq-+W/C,Cq^-r-W/Az;qU 

TT {qXi/xj,bjXi/a /aiyj,bjyiq/cjyj\q) 
, 1 {qyi/yj,bjCiyi/aiCjyj,qXi/aiXj,bjXi/xj;q)oo 

^ j-j- / ;/»g''' - yjq'"' \ {ajyiq/cjyj;q)ki 



=-00 i<f<-^<. V - Vi J feyig/c.y,-; g)/=. 
Afr^ (M-+"-Vg;g)i.i / i.iy'-i\ 

MM (/^..gvcig),., y'' ) ) 



fj^ (/lis; g)iv, fJi fJi {hij;q)N,j {Azq^/C, Cq^-^/Az; g). 



MULTILATERAL TRANSFORMATIONS OF g-SERIES 

{qXi/xj,bjXi/aiXj,Ciyi/aiyj,bjyiq/cjyj; q)c 



19 



n 



^^ {qVi/yv^j^iVilO'i'^jyv qXilaiXj,hjxJxj]q)^ 



E 



n 



r s — 1 

ihv<l'-/C;q)\^ 



TT {ajyt<i/cjyj;q)ki 

- Vj J {bjVtq/ CjVj ; q)ki 



{h,,q-+^-^/C;q)\k\ 



E n 

0<h<Nis l<i<j<r 
i—l... . .r 



h.,sq^^ - hjsq^^ 



n 



{q ^''his/hjs\q)u 
{qhis/hjs]q)u 



q 



ikiiii+(jvi,+...+jv„)iii-(i^i)+Er=i (2O 



Now, we evaluate the inner multiple sum by the Xi ^ his, i— > Nis, i — l^. . , r, 
id 
obtain 



and z > qi-+|k|+(ArisH VN^s) JQ pg^gg Qf ^jjg Ar-i summation in Theorem We 



-Q 1 -Q Ji {hrjq'/C] q)N,^ {Az, q/Az; q)^ 



{Azq-ICCq'-^/Az-q), 



n 



{qxJxj,bjXi/aiXj,Ciyi/a,yj,bjyiq/cjyj;q)oa 
^ {qyi/yj,hjCiyi/aiCjyj,qXi/aiXj,bjXi/xj]q)oo 



E 



n 

s-1 

nn 



y^q^' - y-jq^' 



r s — 1 

" " ih,,q-/C;q) ^ 



{ajy,q/cjyf,q)k, 

y^ - yj J ,jti (^jy^i/ ^jVj ; 9)'=^ 



n 



which, after an elementary manipulation of g-shifted factorials, gives us the right 
side of ( 17 ) , as desired. □ 

Finally, we provide four more multilateral transformations of g-IPD type. Un- 



fortunately, we were not able to find multiple extensions of Propositions 2.3 or 2.4 



which are as deep as the identities in Theorems 4.2 and 4.6. The followi ng t heor ems 
are obtained by combining Propositions 2^ and 2A each with Lemmas 3^ and 3/7 , 
thus giving rise to four different multilateral transformations. 

Theorem 4.7 (A multilateral Ar^i g-IPD type transformation). Let a, b, Ci, . . . , Cr, 
d, ei, . . . , Cr, Xi, . . . , Xr, 2/1, ... , yr, and hi, . . . ,hs be indeterminate, let N be an 
integer, let mi, . . . ,ms be nonnegative int eger s, let \m\ ~ "^i? f > 1, and 

suppose that none of the denominators m ( IS ) vanishes. Then 



(4.8) 



E 



n 



W (cja;,/xj;g)fc/n^^''' '''' 



X (-i)(--i)ikig-('2')+'-i:r=ift') 
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(a, 6, /iiq"! , . . . , ; g)|k| ( Eg^—^ \ 

a6 



n 



{d,hi,...,hs;q)\i,\ 

{Eq-'-y 

{h.iq''/E;q),n, A {qx,/xj,Cjyiq/ejyj;q)c 



-r,N {Eq^-^/a,Eq^-^/h,dq^/E-q), 
{q/a,q/b,d;q)oo 



iht;q)r 



n 

i:3 = l 



iqyi/yj,CjX^/xj;q)c 



E n 

..^kr — — oo \ l<i<j<r 



Vi - Vj 



n (cj-y*?/ f^jV] ; 9)fc/ n yi''' '''' 



X (-i)('-i)iki5-('2')+-i::=i('i-) 

{aq^/E, bq^/E, h^q^+^^/E, . . . , h^q^+^'/E- q)\^\ /Eq^-^-^^ "'I ' 



(dg7s,/iig7s,...,M7^^;9)|k| 

provided \Eq^-''/ab\ < \q^\ < \Eq\"^\/Cd\. 

Proof. We have, for \Eq^-''/ab\ < \q^\ < lEq^'''^ /Cd\, 



\ ab 



(4.9) 2+s^2+s 



a,b, h^q^\...,h,q'' 
Cq^~'',d, /ii, . . . 



Eq 



ab 



{Eq-^f (-gg''7«. Eq^'-lb, Cq/E, dq- / E; q)^ {h^q^ I E' q), 



{q/a,q/b,Cq^ '■,d;g)c 



X 2+sV'2+5 



aq^'/E, bq'^/E, hiq'^+"'^ /E,..., /E _ Eq 



i=l 



{hi]q)m. 



-,1-r-N 



Cq/E, dq'^/E, hiq^-fE, h^q^ / E 



ab 



by the q-WT> type transformation m ( |2.1l| ). Now we apply Lemma |3.6| to the 
2+sV'2+s's on the left and on the ri ght side of this transformation. Specifically, we 
rewrite the 2+s'^2+s on left side of (O) by the &i i-^ q, « = 1, . . . , r, and 

(a, b, hiq^^ , . . . , ; g)„ f Eq^-'-^ ^ " 



/(") 



(d, /ii, . . . , hs;q)r 



\ ab 



case of Lemma 3.6. The 2+s'/'2+s on the right side of (4.9) is rewritten by the 
bi ^ Ciq/ei, Xi Hi, i ^ 1, . . . ,r, and 



fin) = 



{dq^/E,hiq^/E,...,hsq-'/E;q)n 



(aq^/E, bq^/E, hiq-+"'^/E, h,q-+'''^ / E; g)„ f Eq^^'-^ 



ab 



case of Lemma p^. Finally, we divide both sides of the resulting equation by 



(4.10) 



and simplify to obtain (| 



{CjXi I Xj , Cl)c 

{Cq^-'-]q)oo ^^.^^ {qx^/xj]q)^ 



n 



□ 



Theorem 4.8 (A multilateral Ar-i g-IPD type transformation). Letai, .. .,ar,b, 
Ci, . . . , Cr, d, ei, . . . , Cr, Xi, . . . , Xr, j/i , . . . , i/r, and hi, ■ ■ ■ ,hs he indeterminate, let 
N he an integer, let mi, . . . , nis he nonnegative integers, let \m\ = X)i=i ^ 1; 

and suppose that none of the denominators in (4.11) vanishes. Then 



(4.11) 



E 



MULTILATERAL TRANSFORMATIONS OF g-SERIES 



n 



n 



1 {cjXi/xj;q)^ 



(fe,;iig'"S...,/i,g™=;g)|k| f Eq^-^-^\^''^' 



{Eq-1 



{d,hi,...,hs;q)\i^\ V 

_^.j,iEq^-^/b,dq'/E;qU 



{q/b,d;q)c 



n 



Ab 

[hiq'' /E; q)^^ 



{hi]q)m. 



n 



i^q^^i / -^j ^ C-jXij QiiXj^ ^jVi^/ ^jVj^ ^iVi I ^iUj •: Q)c 



{qyi/yj,Cjeiyi/aiejyj,c.jXi/x-i,Xiq/aiXj;q)c 



E 



n 



Vi - yj 



n 



{ajyiq/ejyj;q)k, 
1 {cjVt(ll(i3Vj\q)k, 



{bq^/E, h,q^+"^^/E, h,q-+--^/E; g)|k| ( Eq 



l-r-N\ |k| 



{dq^/E,hiq-/E,...,h,q-/E;q)iu\ \ Ab 
provided \Eq'^-''/Ab\ < \q^\ < \Eq^"'^/Cd\. 
Proof. We have, for {Eq^-'-fAbl < \q'^\ < |£;gl"l/Cd|, 

„mi u „m, — Af" 



(4.12) 2+si>2+ 



, hsq"'^ Eq' 



'''' ^6 
(Sql-VA, Eq^-^/b, Cq/E, dq^/E; q% 



[q/A, q/b,Cq^-,d; q). 



n 



{h,q-/E-q)r 
{hi;q)mi 



AqV^;, foqV-B, /£;,..., /£; ^Bg 

Cq/E,dq''/E,hiq'-/E,...,h,q^/E ' ^6 



l-r-Af 



by the q-IPD type transformation in (2.11). Now we apply Lemma 3.7 to the 
2+s^2+s's on the left and on the right side of this transformation. Specifically, we 
rewrite the 2+s^2+s on left side of ( 4.12| ) by the 6j i-^- c.j, i = 1, . . . , r, and 



gin) 



{b,hiq'' 



,hsq"'';q)n ( Eq 



[d, hi 



,hs;q)n 



Ab 



case of Lemma 3.7. The 2+s'02+s on the right side of (4.12) is rewritten by the 
flj i-^ ttiq/ci, bi ^ Ciq/ci, x^ t-^ y,, i ^ I, . . . ,r, and 



9{n) = 



{bq^/E, /ii(7'-+™i /E,..., /E; q)n ( Eq 



idq'-/E,hiq^/E,...,h,q^/E-q)n \ Ab 



case of Lemma ^J. Finally, we divide both sides of the resulting equation by 
(4.13) 



(9, C*?^ ''M;9)oo -Q icjXi/xj,Xiq/aiXj;q)c 



{Cq^ '',q/A]q)oo {qxi/ Xj , CjXi/ a^Xj] q) 
and simplify to obtain ( [4.1l|) . 



□ 



Theorem 4.9 (A multilateral Ar-i g-IPD type transformation). Letai, .. .,ar, b, 
ci, . . . , Cr, d, ei, . . . , Cr, xi, . . . , Xr, 2/1 , ... , j/r, and hi, ■ ■ ■ ,hs be indeterminate, let 
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N be an integer, let mi, . . . , nis be nonnegative integers, let \m\ = X]i=i ^ 1; 

and suppose that none of the denominators in (4.14) vanishes. Then 



(4.14) 



E 



n 



rki-\k\ 



ki,...,kr — — oo \ l<i<j<r ^ J / ij — l 

X (_i)('-i)iki^-('^')+-i:Li Ci) 
^ (A fc, feigns ■■■,fesg'"°;g)|k| pgi-'-^ N l"^! 

(d, /ii,...,/is;g)|k| V -46 y 

^ ^Eq-r^N {Eq^-^'/b, Cq/E, dq^/E; q)^ 
{q/A,q/b, d; q)oo 
{hiq''/E;q),n, yj {qx.i/xj,ejy^/ajyf,q)„ 



n 



n 



\ (/i^;9)m. .-^^^ {qy^/yj,CjX^/xj;q)oo 



E 



n 



y^ - Vj 

X (-i)('-i)iki5-('2')+-i:-=i(2') 



i=l 



rfci-|k| 



{E/C, Eq^--/d, Eq'-^/hi, Eq'-'-/h,- g)|k| /Cdg^-I"! 



{Eq^'^/b, Eq^—"^^/hi, . . . , Eq^—^'-^/h,; <z)|k| 

provided \Eq^-''/Ab\ < \q^\ < \Eq\"^\/Cd\. 

Proof. We have, for jE^gi-Vvlfol < \q^\ < lEq^'^^/Cd], 

\,b,hiq"^\...,hsq"'^ Ec^-"--^' 
Cq^~^,d,hi, 



E 



(4.15) 2+sip: 



2+s 



I, ... J lis 



K Ab 



I J, _r,N iEq''''/A,Eq^-/b, Cq/E,dq^/E;q)^ {Kq^/E-q^^ 



2+s 



{q/A,q/b,Cq^-,d-q)r_ 
E/C, Eq^-'-fd, Eq^-'-fhi, Eq^'^-fh 



{hi;q)mi 



Eq^-''/A,Eq^-''/b, Eq 



-A — r—nii 



/hi, ...,Eq 



1 — r—m. 



/hs 



Cdq^-\-^\ 



E 



by the q-lVD type transformation in (2.12). Now we apply Lemma p.q to the 
2+sV'2+s's on the left and on the right side of this transformation. Specifically, we 
rewrite the 2+s'02+s on left side of (4.15) by the bi ^ Ci, i = 1, . . . ,r, and 



{A,b,hiq^\...,hsq'^^;q)n f Eq 



{d,hi,...,hs;q)n 



-,1-r-N 



Ab 



case of Lemma |3.6| . The 2+s4'2+s on the right side of ( 4.15 ) is rewritten by the 

b^ q/oi, Xt ^ yi, i = I, . . . ,r, and 



fin) 



{E/C, Eq^-^/d, Eq^-^'/hi, Eq^-^/hs-, q)n ( Crfg^-I"! \ " 



{Eq^-'-/b, Eq^-^-'^'^/hi,..., 



Eq^ 



-/hs;q)n V E 



case of Lemma |3.6| . Finally, we divide both sides of the resulting equation by (4.10) 
and simplify to obtain (4.14). □ 
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Theorem 4.10 (A multilateral Ar^i q-IPD type transformation). Let ai, . . . , a^, 
b, ci, . . . , Cr, d, ei, . . . , xi, . . . , Xr, Ui, ■ ■ ■ ,yr, and hi, . . . ,hs be indeterminate, 
let N be an integer, let mi, . . . ,ms be nonnegative integers, let \m\ = X]i=i'^i; 
r > 1, and suppose that none of the denominators in (4.16) vanishes. Then 



(4.16) 




n 



{ajXi/xj;q)k, 



{d,hi, . . . ,hs;q)\i,\ 
^.^{Eq^--/b,dq-/E;q) 



(Eq-n 



{q/b,d;q)r 




< n 

OO 

E 



J {qyi/Vj, Ciejyi/ajeiyj,CjXi/xj,Xiq/aiXj;q)c 



n 



All , . . — — OO \ l^^<i^^" 



Vi - Vj 

l-r , 



TT {eiVi/cjyj;q)k, 



^ [Eq^-^/d, Eq^-lhi, Eq^-IK; g)|k| 
^ {Eq^-^/b, Eq^---"^^/hi, Eq^—"^^/hs; g)|k| 

provided lEq^-'^/Ab] < \q^\ < \Eq^"'^/Cd\. 



Cdq 



N-\rn\ 



E 



Proof. We have, for lEq^-'^/Ab] < < \Eq^"''^ /Cd\, ( p^ ) by the g-IPD type 
transformation in ( 2.12| ). Now we apply Lemma [sTt] to the 2+s'02+s's on the left 
and on the right side of this transformation. Specifically, we rewrite the 2+sV'2+s 
on left side of (4.15) by the bi i-^ Ci, i = 1, . . . ,r, and 

(6,;ii<7™S...,M"^;9)« fEq'--^-^ 



gin) 



{d,hl 



,hs;q)n 



Ab 



case of Lemma 3.7. The 2+sV'2+s on the right side of (4.15) is rewritten by the 

a.i ^ Ci/ci, bi ^ ei/oi, x^ ^ y^, i ^ 1, . . . ,r, and 



gin) 



{Eq^-''/d,Eq^-''/h 



Eq^'^/h.-q), 



(Cdq 



N-\m\ 



{Eq^-'/b, £;(ji-'-'"i//ii, ■.■,Eq^ 



''/hs;q)n V 



E 



case of Lemma 3/7. Fin ally, w e divide both sides of the resulting equation by ( 4.13 ) 
and simplify to obtain ( 4.16 ). □ 



The Ci — Oiq, i — l,...,r, cases of Theorems and 4.10 yield two Ar-i 
extensions of W. C. Chu's Eq. 15] bilateral transformation. If we specialize these 
identities further by setting Ci — q, i ^ 1, . . . ,r, we obtain two Ar-i extensions of 
G. Gasper's fin, Eq. (19)] q-lPD type transformation. 
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